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Definition. Let f : X — [0, o] be an integrable function over X measure space. lts softmax is
the probability distribution X — [0, 1] defined as

(softmax f)(x")

Definition. Let f : X — R be a function. Its argmax is the predicate X — Prop defined as

(argmax f)(x*) = Vx € X, f(x) < f(x").
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Section 1.2. Quantitative Alethic Modal Logic > The semantics [unst. 9
Let [-] : LT — P(W) be a model of the propositional fragment in predicates over a set of

possible worlds V. Fix now a Kripke model (W, R), where R : W — TV is a relation called ac-

cessibility. Then the modalities are interpreted as follows (see Simpson p. 50):

Let[-] : LT — L(W) be a model of the propositional fragment in quantitative predicates

[Oel(w) = v € W. wRv A p(v),
over a probability space of possible worlds . Fix now a Kripke model (W, R), where R : W x

= W — [0, o0l is a quantitative relation called accessibility. Then the modalities are interpreted
[O¢](w) = Yv € W. wRv — ¢(v). as follows:
[OPel(w) = [3Pv € W. wRv ® ¢(v)]g,
and dually

[OPp](w) = [VPv € W. wRv —o ¢(v)],.

For instance, let R be a Markov kernel, i.e. wRv = p,,(v) for some probability density p,,. Then
Olcp has then a pretty straightforward interpretation: it is the probability ¢ will be true in the
next state:

[0'el(w) = Blv € W. wR ® p(0)]y(w) = [ pulo)e(o) do.

velV
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In general, the fact that f ‘behaves like’ ‘4/colim’ has been noted before:

From (Loregian 2021):

f(y)

FY

\
"y
>
X

b
o-<
Ls:
112

The analogy between the pairing of a function and a delta distri-
bution, and the ninja Yoneda lemma.
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The spectrum of p-means

Definition. For any p € (-0, ), p # 0, the p-mean of a finite set of numbers (a;); is
1/p
P p aip
[RE g
i€l

when p < 0 we call p-means harmonic.
One extends the above definition to p = +oo by taking suitable limits.

A f‘p f* GM f fp wes

1 0 1 D

g

—00

—p



The amazing p-means

Lemma. Harmonic sum
1. satisfies the identity:

f’p a a
e w(i) :Iw(i)

2. satisfies the Fubini property:

-P —-P . =P o P P o
f f ¢(i.)) = f ¢(i.j) = f f (i),
i€l jed (if)elxd jed Jiel

3. is homogeneous (i.e. multiplication distributes over it):

-p -p
ke f o(i) = f k& (i),
i€l i€l




Lemma. Harmonic sum

1. is monotonic in the argument: if, for each i € I, (i) < ¢ (i), then

IRUEIR

2. is antitonic in the index: when J C [, one has

[ ety i ol



The spectrum of p-means

We have A < f - f M \/, with the (exterior) gap narrowing as p increases:

= harmonic p-mean = max - min = p-mean

p

Unlike p-sums, p-means compensate for cumulative effects.



Means as bounded quantifiers

Idea. Mean and harmonic mean correspond to bounded quantification:

di.(iel)na(i) <~ @pl—}l ® a(i)

iel

A mean is a just an integral over a probability space so we can directly generalize:

10 e [a00@

for I any probability space. Duality also suggests this interpretation since

viela()=sdiel za(l) e L;pa(i):(j:a(iﬁdi)@,

—_— T

i.e. we dualize a(i) but not the domain of quantification.
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