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. guards/keys (e.g. secure processes [BK21], chemical reactions)
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Motivation: Para

These additional ports live in a orthogonal direction and are part of their own resource theory M:
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On the other hand, processes C(A, B) might be good enough but our observations/descriptions of

them are limited:

1. C(A, B) is too ‘big’ (e.g. oo-dimensional, as for Smooth(A, B))

2. a process in C(A, B) is non-deterministically chosen (e.g. stochastic processes, [Smi20])
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This talk

At MSP, inspired by [FST19], we realized the importance of the Para construction in cybernetics and

extended its mathematical depth.

At the same time, Toby Smithe has been playing with a similar construction he called Proxy [Smi21a].
So we joined forces to understand what these two constructions are and how they are related.

| want to advertise these ‘new’ constructions and our mathematical observations of them.

This talk is mainly a sketch of ideas and a call for contributions (of any entity):
1. Have you seen these constructions somewhere else?

2. Are we doing things right? (it's slippery CT for junior researchers)

alas, I'll probably use wrong terminology/say wrong things in the next 20mins, | apologise

3. Where could we go from here?
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Fundamental idea

Suppose we work in a monoidal V-cat C.

Parametrised functions are, essentially, ‘families of maps’ A — B picked out by a parameter p € P:

f,A>B,  pcP

parametrise internally: parametrise externally:
the assignment p — f, lives in C the assignment p — f, lives in VV
Para Proxy
Hom(A,B) =3 5. ., C(P® A, B) Hom(A, B) =35, V(P,C(A,B))

Very different! Compare:
a smooth family of maps f : Smooth(P x A, B)
vs.

a family of smooth maps f : Set(P,Smooth(A, B))
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Oplax M-modules
Let (M, ®,J) be a (small enough) monoidal category.
Definition

A strict left oplax M-module is a 2-category C equipped with

an action —e — : M x C — C, a counitore : Jo X — X,

a comultiplicator 6 : (M ® N) e X — M e (N e X)

that satisfy (strictly) triangular and pentagonal laws. C is a 2-cat but the module structure is strict.

Replace oplax with lax to reverse /4, with pseudo to make them invertible.

This structure is an ‘oplax’ categorification of a monoidal action, indeed
M ~ a monoid of scalars, C ~ a left module over M

In most cases, C is mon itself and — ¢ — := F(—) ® — from a functor F : M — C.
(e.g. F is the left part of a LNL adjunction).
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Definition
Parae(C) is a bicategory defined by the following data: 1, F

a. objects are the same of C,

b. 1-morphisms are given by v
Para.(C)(X,Y) = Z C(PeX,Y) —%f’ —
P:M

with identities provided by e:

Ix : X > X:=(Jex: Joe X = X)

and composition mediated by d:

(P.f:PeX—=Y)3(Qeg:QeY—>2) = (QOP,(QOP)eX > Qe(PeX) W QeY £ 2)
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Definition

Parae(C) is a bicategory defined by the following data:
a. objects are the same of C,

b. 1-morphisms are given by
Para.(C)(X,Y) = ZCP e X,Y)

c. 2-morphisms are given by pairs (o, ¢) : (P,f) = (Q,g) : X = Y where &: Q = P in M and

PQTX f e i_)
¢ A 8

¢ (ceX)sf = gisa2-morphism of C: A i&

QeX —— Y

X

Notice: if C is a discrete 2-category, the second part of a 2-morphism is always trivial.
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Example

Let C := Msbl, M := Prob acting by cartesian product:
(Q,F,P)e (X, Zx):=(Qx X, F®Ix)

Then Paras(Msbl) is a category of stochastic processes with explicit ‘stochastic bases’. 2-cells can be

used to manipulate randomness sources (e.g. use(Agq to correlate two processes).
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Examples

Example

Let C := Msbl, M := Prob acting by cartesian product:
(Q,F,P)e (X,Zx):=(Qx X, F®Ix)

Then Paras(Msbl) is a category of stochastic processes with explicit ‘stochastic bases’. 2-cells can be

used to manipulate randomness sources around (e.g. use Ag to correlate two processes).

Example

Let C := Met, M := (R, <, 1, ) acting by dilation:

VXSQV J(x, < Ld(xy)
a

Then Paras(Met) is a ‘proof-relevant’ version of Lip, i.e. maps (L, ) : (X, d) —> (Y,d’) are Lipschitz

re(X,d)=(X,r-d)

maps with an explicit choice of constant L. 2-cells are refinements of constants.



Examples

Example

Parametrised optics [Cap+21a] are our current proposal for a foundation of categorical cybernetics.
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Examples

Example

Parametrised optics [Cap+21a] are our current proposal for a foundation of categorical cybernetics.

Example
Also from yesterday's talk by JS Pacaud-Lemay [HL20], the S[—] construction on a monoidal category
C is Parag(C), where M = subunits of C, acting through C's own ®.

Warning! In S[—] 2-cells are quotiented away...
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A note on 2-dimensional structure

Para has not always been considered as 2-dimensional object.

Indeed, one can get rid of its 2-morphisms in various ways:
1. Discretization: simply forget the 2-cells, Para.(C)(X, Y) remains a X-type.

2. Codiscretization: turn the ¥ into a [ (appears in [Dal19]):
P:M
Parae (C)(X, Y):/ C(PeX,Y)
3. Core: remember only iso class (original approach in [FST19], appears in [HL20]):

P:core(M)
Para.(C)(X,Y) = / C(PeX,Y)

In categorical cybernetics, 2-morphisms (‘reparametrisations’) are crucial, see [Cap+21a] and [Cap21].

Warning! Spivak [Spi21] uses 2-cells but of a different kind.

P



Monoidal structure

If Para.(C) wants to be another category of processes, then it better be monoidal itself.



Monoidal structure

If Para.(C) wants to be another category of processes, then it better be monoidal itself.

To do this, we need C to be itself monoidal (/,®,...) and e to be compatible with this structure:

Definition

A costrength for an oplax M-module is a natural transformation
K:Me(X®Y)—X®@(MeY)

satisfying coherence laws wrt C monoidal and M-module structures.



Monoidal structure

If Para.(C) wants to be another category of processes, then it better be monoidal itself.

To do this, we need C to be itself monoidal (/,®,...) and e to be compatible with this structure:
Definition

A costrength for an oplax M-module is a natural transformation
K:Me(X®Y)—X®@(MeY)
satisfying coherence laws wrt C monoidal and M-module structures.

Proposition

If C is symmetric monoidal and a costrong oplax M-module,

then Parao(C) is itself symmetric monoidal.
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Functoriality
Strict left oplax M-modules (C, o), (D, 0), ... gather in a tricategory M-oxModx:

a. l-morphisms are lax linear functors, i.e. functors F : C — D equipped with a lineator
£: Mo F(X) — F(M e X) satisfying suitable coherences.

b. 2-morphisms are linear natural transformations, i.e. natural transformations 3 : F = G such that

MoBx

Mo F(X) ——— Mo G(X)

¥ |

F(M e X) —24X, G(M e X)

c. 3-morphisms are linear modifications m : 5 = ~ commuting with ¢ in a suitable sense:

/ MoBx \
M o F(X) Momyx Mo G(X) Mo F(X) —— Mopx —— Mo G(X)
EFJ — Moryx — JZG _ ZFJ JZG
1 BMex —
F(M e X) Tmex —— G(M o X) F(M e X) @M.x G(M e X)
\ / A
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Functoriality
It can be shown (tedious but straightforward) that

Proposition

Para is a trifunctor M-oxMod;, — 2Cat.

Proposition \ 'Y{p%@h@ﬁ

If M is symmetric, Para : M-psModix — M-psModix is a 2-monad:

its unit 1) : 1 = Para trivially parametrise morphisms:
f:X—=Y +— (J,esf)
its multiplication p : Para § Para = Para multiplies parameters together:

(P(Q,f): X—=Y +— (QOP,I5f)

This remains true if we co/restrict to symmetric costrong oplax M-modules.
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Suppose C is a pseudo-M-module. Paras(C) satisfies a 3-dimensional universal property:
Proposition
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B(e) : BM — 2Cat
defined as follows:
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Proof.
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Universal property

Suppose C is a pseudo-M-module. Paras(C) satisfies a 3-dimensional universal property:

Proposition
Para.(C) is the 2-Grothendieck construction of the delooping of e:

B(e) : BM — 2Cat
defined as follows:

Pl =% Jo  ——— Pe—| 25 |Qe-

Proof.

Compare Para definition with the 2-Grothendieck construction here [Bak].

Is it useful to make this the definition, possibly allowing arbitrary bicats in place of BAM?
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Universal property

Corollary
Para.(C) is 2-opfibred over BM®.

Moreover — and this is important for applications:

Proposition (Reparametrisation)

Parae(C) is locally opfibred over M°?:

Proof.
(P, f) Vs (Q,a.f)

:
P Q

where o, f = (ac @ X) 5 f.
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We work in an explicitly V-enriched context here. For now, (V,1,X) is only (strictly) monoidal.
Definition
Let C be a V-cat. The (Cat-)category Proxy(C) has

a. objects the same of C,

b. 1-morphisms given by -'-—\’/ -
Proxy(C)(X, Y) = Z V(P,C(X,Y)) ;F l—)—*
X 7

with identity given by the enrichment structure:
(I, 1x : | = C(X, Y)) X cr2)
—13]
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Definition

We work in an explicitly V-enriched context here. For now, (V,1,X) is only (strictly) monoidal.
Definition
Let C be a V-cat. The (Cat-)category Proxy(C) has

a. objects the same of C,

b. 1-morphisms given by
Proxy(C)(X, Y) = Zv (P,C(X,Y))

c. 2-morphisms «: (P,f) = (Q,g) : X — Y are given by arrows a: Q = P in V

making the obvious triangle commute.

Notice: if V is monoidal closed and cocomplete, then we can replace V(—, —) with [—, —]y and

(truncated) Proxy becomes an endofunctor (actually, a 2-monad) V-Cat — V-Cat.

/295
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Example
Let C be a Set-category. Consider covariant powerset &2 : Set — Set. It's a monoidal monad.
Change base along Set — K1(4?) and run Proxy, we obtain a category of non-deterministic choices of

morphisms Proxy(Z2.C).

Example
Let C be a Meas”-category. Consider Giry monad 2 : Meas” — Meas?. It's a monoidal monad.
Change base along Meas” — K1(Z) and run Proxy, we obtain a category of probabilistic choices of

morphisms Proxy(2.C).

General pattern: 7 monoidal monad on V, change base along V — KI(7) and run Proxy to get a

cat of J-effectful choices of morphisms.

é 21
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A one-line construction

Proposition

Proxy(C) is the change of base of C along the covariant slice functor V/—:
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Proposition

Proxy(C) is the change of base of C along the covariant slice functor V/—:
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A one-line construction

Proposition

Proxy(C) is the change of base of C along the covariant slice functor V/—:

V/— VY Cat

X VX A
,(l — h\{l
v vy PO

Hence one can consider Proxy(C) the underlying 2-category of an enriched category.

In other words, we recover a 2-category by considering generalised elements of V/C(X, Y) instead of

only the global points | — C(X, Y).
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Connection with Para
If we ignore the 2-dimensional structure, Proxy looks like a ‘closed’ version of Para:
Proposition

Suppose C is a closed strict M-module, i.e. o is a strict monoidal action and every functor
— o X : M — C has a right adjoint [X,—]:C — M. Then

1. C is a tensored M-cat [Gra80],
2. Proxy(C) ~ Para(C).

Proof.
1. See [GP97]: closed V-modules are equivalent to tensored V-cats.
The pra [—, —] provides the enrichment.
2. The equivalence is witnessed by an identity-on-object functor which acts on morphisms by transpo-

sition along the adjunction — e X I [X, —]:

Para.(C)(X,Y) = Zc (PeX,Y)2 > M(P, [X,Y])=Proxy(C)(X,Y)

et —C(X,Y)

a
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Conclusions

We've seen two constructions to deal with parametrised categories:

1. Para represents ‘controlled /contextual processes’, or ‘processes with private dynamics’,

2. Proxy represents (possibly effectful) choices of morphisms

(e.g. choosing maps stochastically)

The two coincide in those situation where external/internal level interact:

closed actions and/thus tensored enrichments.

Both are 2-monads on the categories they're defined on.
Both can be represented by diagrams with additional ‘orthogonal’ wires for parameters.

Both have interesting higher-dimensional structure to deal with dynamics in the parameters.
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Open questions

Many loose ends:
1. Formalize the diagrams!

2. What's the universal property of the oplax instance of Para?
It's a kind of ‘very oplax’ 3-colimit, however (1) this requires symmetry for M, (2) doesn’t seem
to account for 2-cells. “General abstract nonsense” to obtain this would be very helpful.

3. Can we relate Para to the graded coKleisli construction?
In fact oplax M-modules are the same as M-graded comonads, and the coKleisli object is an
oplax colimit itself. Again, hard to reconcile with 2-cells (also [Fuj19] has a very different
construction!)

4. Study algebras and Kleisli morphisms of both Para and Proxy.
Related to the ‘argmax problem’ in [Cap+21b; Cap+21a]

5. lterated versions: what happens when reparametrisations are themselves parametrised?
Modelling ‘nested systems’, see [Smi21b] and [Cap21].



Thanks for your attention!

Questions?
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