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Motivation

1. Correct-by-training verification of gradient-based ML models

2. ‘Semiotics’ of quantitative methods



  

Motivation

Fuzzy Di‘erentiable

Nice proof theory/
model theory ✓

Nice semantics ✓
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pQLL
‘p-soft Quantitative Linear Logic’

● ‘p-hard’, (soft): additives internalize p-sums
● Quantitative in the sense of Lawvere, i.e. enriched in the reals
● Sequent calculus qualitatively identical to MALL

Conservative and adequate over MALL
● Varying 0 < p≤∞, it bridges soft (p < ∞) and hard (p = ∞)

Results
● Cut-elimination, soundness and completeness, approximation
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Positive reals: multiplicative structure
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Positive reals: additive structure
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Positive reals
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Qualitative modes



  

Quantitative calculi
Sequent calculi work by ‘internalizing’ a fragment of the metatheory we call 
alethic theory

Introduction rules turn alethic-level operations on sequents to object-level 
operations.

Idea: change alethic theory to [0, N] to restore the proof theoretic properties of 
the additives in a ‘fuzzy’ logic.
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Quantitative calculi

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User



  

Quantitative calculi
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Quantitative calculi
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Quantitative calculi
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pQLL

Cedents are (possibly) multisets of formulae, sequents are ordered pairs of cedents.
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pQLL
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pQLL
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pQLL: structural schema



  

pQLL: CUT-elimination

Proof: qualitatively the same as for MALL, though we must make sure the rewrite is 
validity non-decreasing, e.g.

And indeed:



  

pQLL: CUT-elimination

subformula 
property

finitely many proofs to 
check to determine validity=



  

Hard & qualitative pQLL
In the additive qualitative mode, pQLL is conservative and adequate 
over MALL, and at p = N, also in the multiplicative mode:



  

!-expansion in pQLL



  

!-expansion in pQLL

prelinearity



  

Algebraic semantics
Softales = ‘enriched’ residuated algebras
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Algebraic semantics
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Application: Bayesian probability

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User



  

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


