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Goal: train a neural model fg : X — IR" to satisfy a specification ¢

e.g.

e classification robustness

Vxe X, |[x—%] <6 = |fo(x)— fo(&)| <€
[

e inductive biases

@ Vee X, x-2l <6 = [\ (~fol0) vV =fo())) A (fol0): V folx);)

(i,j)eP

e safety constraints

Ink,—Ink, :
=) Vxe X, C(t)+C (fe(x), W) < Caafer (Daggitt et al., 2026)
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What is Quantitative Logic?

Following Lawvere,

quantitative logic has quantitative syntactic / semantic validity
~—

;_\/___/
provability satisfaction

* logics about quantity, such as fuzzy logics', in which only the semantics is quantitative.

Advantages:
e can axiomatize soft connectives,

e can makes sense of adequacy in property-driven training

tbut also: continuous model theory (Yaacov, Berenstein, etc.), or the logics of the Lawvere quantale (Bacci, Mardare,
Panangaden, Plotkin), etc.
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The big picture

Bayesian probability, information theory,
machine learning, statistics, etc.

To give a logical treatmeant of quantitative disciplines

which have only been treated as logical informally, if at all.

In particular: give logical foundations to neuro-symbolic methods by giving

logical meaning to the loss
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The multiplicative reals

[0, 0]g @ with the following algebraic structure on ([0, oo], <):
distributes over

polarity additive multiplicative
... L =0 le=1
. £ | positive co®0:=0
duality a & b a ® b
ar = l/a?, . T = 1:=1
< [ negative 00 ®* (0 := o0
a @ b a ® b
where
® and ®" are multiplication ( and disjunctive),
@ is addition,

®* is harmonic sum: a ®* b = (a* ® b*)*,



The multiplicative p-reals

[0, ]gr @ with the following algebraic structure on ([0, o], <):

distributes over

polarity additive multiplicative
. L =0 po+eo L =0 1 :=
. £ | positive —_— co®0:=0
duality # ?! a @ b a VvV b a ® b
a* = 1/[1% . T (= 00 p—o+eo T = 00 1 =1
© | negative —_— co®* (0 := o0
a®"Pb a AN Db a ® b
soft hard
where

® and ®" are multiplication (conjunctive and disjunctive),
®F is p-sum: a @ b= (a’ @ bP)'/P, 0 < p < oo,
&7 is harmonic p-sum: a &7 b = (a* & b*)",
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pQLL is a quantitative logic in which
all notions of (proof, sequent) validity are valued in [0, co]gr .

This means
1. the proof calculus is quantitative and
2. the model theory is quantitative.

13
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A sequent is just a pair of lists of formulae:

r F A
— —
given all of these... ...one of these holds

Rules combine the premises to get the conclusion, axioms introduce sequents:

T T'tA and ArA
ArA 7 TrA !

Proofs are trees: they are valid is they can be written with the given rules

T T
ArFA and ArA
AVAFA

A sequent is provable if there exists a proof ending with it.

14
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Quantitative Sequent Calculus 101

Rules must explicitly say how to combine the premises to get the conclusion, axioms
must come with a validity € [0, ]g g, €.8.

1 I'rA ® AFrA
ArA T'rA

Then proofs get a validity obtained by traversing the tree:

. r
r if H_FI-A
| . .
[0, c0] 3 1“|._A = 3 | ' 7y
|711|*|T(2| if T[:rll-Al = I'1 kA
I'rA

G2



Quantitative sequent calculi

The provability of a sequent is thus defined in terms of validities of its proofs:

|r+A|=V{|n| - }

I'rA

Note that when V' = Prop, this recovers the classical definition.

16



pQLL

By quantitifying linear logic (MALL) we obtain pQLL:

Structural Rules

1 AX 'rA ® AFACUT
ArA T'rA
’ 4
i EMP M MIX
F T, I+ AN
0
—— EFQ
T'rA
Duality
T'rAA N T,ArA n
tal s b s OR
I A-+A I'r A+ A

Multiplicative Connectives

1
1y
1r -

ArA ® BrAN
ABBFA N

A,BrA

— ®L
A®BFA

Additive Connectives

(0]

I, LFA

L

ArA @’BFAA
ANBFA

ArA 77
AV BFA

BFAV

L

L
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One proof

I ax 1

—— AX
AFA o7 AI—AV
AVAFA L

1
ArA

1 _ _ _
= AX |@~P AX| = 1@ P11 = 271/p
hFA ‘@ | ‘ ®
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One proof

I ax 1

—— AX
AFA o7 AI—A\/
AVAFA L

1
ArA

1 _ _ _
= AX |@~P AX| = 1@ P 1 = 27 U/p
‘AI—A ‘EB | ‘

Theorem. I' - A is provable in MALL if and only if [T"+ Al,q_ > 0.
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Proof-theoretic results

CUT-elimination Theorem (Capucci, Atkey, Grellois, Komendantskaya, and Daggitt 2026)

CUT is eliminable, that is [T ApoLL =T+ A|pQLLCUT.

Proof sketch. The usual, paired with arguments that show that each proof rewrite is validity
non-decreasing.

In the proof, we use that ® distributes over @ /@7, unitality and associativity of ®, etc.

Corollary. pQLL enjoys the subformula property, it is consistent (|- L| = 0), and decidable.

19



Model theory

pQLL is sound and complete for a class of [0, co]g-enriched preorders called softales:
Definition. A softale is a set S equipped with an enriched order C : S XS — [0, oo] such that
1<(aCa), @Cbh)®(BEc)<(@@Cc)

together with operations @,V : S X S — S, a duality (=)* : S°° — S, satisfying certain
algebraic laws...

20
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Example: logspace

Call logspace the poset ([—co, +00], >) equipped with addition (+) and (harmonic) log-sum-exp:

aUlb = —log(e™® +¢7b).

polarity additive multiplicative
. 1 :=+o00 1 :=+o00 1:=0
duality positive anfb m aN® b :=min(a,b) a+b Tere e
a*:=-a
negative T — T 1=0 —00 +7 00 := —00
aUPb P77 qU®b:=max(a,b) a+"b

implication: ¢ o b =a"+" b, thus b —a,

enriched order: a C b := ¢~ (10),

This is the natural model for property-driven training: losses live in logspace!

21



Example: logspace

Call logspace the poset ([—co, +00], >) equipped with addition (+) and (harmonic) log-sum-exp:

aUlb = —log(e™® +¢7b).

polarity additive multiplicative
iti L =400 1 :=+0c0 1:=0
positive —= —00 + 00 := +00
duality anfb P7 aN® b :=min(a,b) a+b
a*:=-a
i T :=—00 T (= —00 1:=0 _
negative —00 +7 00 := —00
aUPb P72 qU®b:=max(a,b) a+"b
implication: ¢ o b =a"+" b, thus b —a, enriched order: a C b := e_(”*b),
also, excellent gradients:
Ax Ul y) eV

p=1 p=1
2 p-! 2 p=!
. : X . : N =
Q \ ox eX +e¥’
: , dxnty) ¥
2 2 7272 0 2 2 2 7272 0 2 8x - ex + ey
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Consider fg : X — R" as in the beginning.

Definition. The theory of neuro-symbolic specifications for fg at (£,7) € D and x € X

has set of propositional variables

K = {'—91—'/ oo /rﬁn—lr ryljr .. -/ryn—l}

data labels model outputs

This amounts to the rules of pQLL2 plus the following axioms
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Application: property-driven verification

Consider fg : X — R" as in the beginning.

Definition. The theory of neuro-symbolic specifications for fg at (£,7) € D and x € X

has set of propositional variables

K = {'—91—'/ oo /rﬁn—lr r_yljr .. -/ryn—l}

data labels model outputs

This amounts to the rules of pQLL2 plus the following axioms

}71' e~ fo(x)i ]?; efo(x)i ( d X )
- - — grounding schema
'_r‘yiﬂ '_I_yi—l I_|-yi-|J_ l_l'yi'IJ_

We denote such theory by Tx,ﬁ,fe-

Example. Strong classification robustness: /\ i — (y; — 0)

ien

2plus MIX*, ask me later about it.
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Definition. A model of T, ; 7, is a valuation of propositional variables in a softale:
[[—H : Tx,ﬁ,fe — S
The satisfaction of a formula ¢ in the model [—] is thus

[-lF¢ = 1Cs [¢] €0, 0]

Observation. There is a canonical model of T, j r, in logspace, defined by

"9 =—loggi,  ["yi'l= fo(x)i.

23
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%(—/

adequacy
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Soundness, completeness, & adequacy

Theorem. Given fg as above, given (£, ) € O and for each 2 < x < b,

soundness & completeness

/—%

| FT.\',}?,fH (P| = "?/ }71 X, f@ |: P = e_[[(()]]
S —

adequacy

argming Ez g)~p [ Lpred(fo(2), ) + A sup —log (£, 7, x, fo |= ¢)]

a<x<b

24



Effectiveness
from (Flinkow, Komendantskaya, Capucci, and Monahan 2026):

Table 5: Selected experimental results for training and verifying models on MNIST, Fashion-MNIST, and
Dice using different constraints and differentiable logics. Boldface indicates the best-performing
configuration in each experiment, measured by product of PAcc and CSat. When a model is trained
with a choice of =, it is then attacked (CSec) and verified (CSat) for the same =.

CSal. (%)
Constraint Dataset Logic PAec (%) CSece (%) ———————
verified unknown
Baseline §74% 0.5 358=1L1° 190 00 18 25
ing/Fo FashionnisT D12 869+ 0.8 998= 00  31L0£190  366=I118
(raining with £ = 0.1) ST 8§72+ 05 998% 00  258£119  350% 355
2QLL 8522 L7 99.0: 03  BT.2:123  120:1L7
Baseline 838+ 47 256= 72° 62% 62 56 30
DL2 837+ 21 900 45 32 30 65+ 6.7
Gidel 834z 16 858z 45 9= 42 103= 21
Exactly-One Dice Lukasiewicz 8442 32 922x 52 59+ 62 81 31
(training with = = /25 Product 842% 19 922x 3l 34+ 34 103% 29
2 Yager 859+ 21 912z 47 34% 31 64= 0.8
SSTL 819% 34 4l8=127 106z 91 34= 11
SQLL 82.5: 44 515144 147:103 59+ 54
Baseline 976+ 04 1932181°  20% 19 1422181
ation robusiness o DL2 976+ 04 1000 00 2422103 292198
(training with = = 0.1) STL 97.5: 03 1000 00 934: 94 66+ 94
SQLL 9752 03 1000 00 934: 94 66+ 94
Baseline 916+ 04 0.0z 00°  0.0% 00 00 0.0
DL2 9714 12 T04£340 1042216 264328
Gidel 975x 04 947z 16 0.0+ 0.0 04= 03
Classification robustness MNIST Lukasiewicz  97.6% 03 923x 51 0.0+ 0.0 02 04
(training with £ = 0.2) Product 976+ 04 943x 30 0.0+ 0.0 05+ 0.6
2 Yager 975+ 06 933+ 27 00+ 00 02+ 05
SSTL 977% 05 68.5= 349 0.0+ 0.0 0= 62
SOLL 96.1% D8 677 40 460£232 300288

# The “unknown’ column denotes verification instances that could neither be proved or disproved within a 30 s timeout.

B We tested baseline CSec against QLL, see| Appendix A 6|for an explanation.
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What'’s next

Logic
e First-order already in the workings! See where it all started: (Capucci 2024)

e Expand the logical understanding of the loss:

fo l= Y2, 9): D. [ Lireafo£),8) A AV®x 2 (a,D). p(fo(x), §)]

ML
e More thorough evaluation: larger models, larger specs

e What does quantitative verification affords us?

26
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Application: Bayesian probability

Every atomic probability space p : O — [0, 1] yields a theory with propositional constants "w™ € Q
and axioms
forallaeV.

p(a) p(a)
— (AR a
Fa at
Every event A C Q corresponds to a formula in this theory, which we abbreviate as \/,c4 a, and

denote again by A.
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Application: Bayesian probability

Every atomic probability space p : O — [0, 1] yields a theory with propositional constants "w™ € Q

and axioms §
a a
G plar forallaeV.
Fa at
Every event A C Q corresponds to a formula in this theory, which we abbreviate as \/,c4 a, and

denote again by A. Then one can compute p(B | A) by computing the odds A+ AN B:

Drcans Daca pl@) @ p(b) D, D, (aL ® br)

Dreans Daea @re+b) @, B MIX
Dreans Daea atrb e

Dreans Arb
— -7 'r
ArFANB

* A mB
and we indeed have P anp Pea P@) @ p(b) = % =p(B|A).

SPIAY

L

®
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