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Property-driven training

Goal: train a neural model 𝑓𝜃 : 𝑋 → R𝑛 to satisfy a specification 𝜑

e.g.

• classification robustness

∀𝑥 ∈ 𝑋, |𝑥 − 𝑥̂𝑖| < 𝛿 =⇒ | 𝑓𝜃(𝑥) − 𝑓𝜃(𝑥̂𝑖)| < 𝜖

• inductive biases

∀𝑥 ∈ 𝑋, |𝑥 − 𝑥̂𝑖| < 𝛿 =⇒
∧

(𝑖 , 𝑗)∈𝑃
(¬ 𝑓𝜃(𝑥)𝑖 ∨ ¬ 𝑓𝜃(𝑥)𝑗) ∧ ( 𝑓𝜃(𝑥)𝑖 ∨ 𝑓𝜃(𝑥)𝑗)

• safety constraints

∀𝑥 ∈ 𝑋, 𝐶(𝑡) + 𝐶
(
𝑓𝜃(𝑥), ln 𝑘𝑎−ln 𝑘𝑒𝑘𝑎−𝑘𝑒

)
≤ 𝐶safe , (Daggitt et al., 2026)
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Property-driven training

Strategy: encode 𝜑 in the training objective via a Differentiable Logic (DL)

J−K : Frm → (Θ → R)

argmin𝜃 E(𝑥̂ ,𝑦̂)∼𝒟
[
ℒpred( 𝑓𝜃(𝑥̂), 𝑦̂) + 𝜆 sup

𝑎≤𝑥≤𝑏
J𝜑K( 𝑓𝜃(𝑥), 𝑦̂)

]

A challenging balancing act...

optimisation

satisfaction provability

ad
eq
ua
cy

soundness & completeness

justifi
cation?

• logical properties,

• analytical properties

• adequacy: J𝜑K ↭ 𝑓𝜃 |= 𝜑?
effectiveness
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What is
Quantitative Logic?



What is Quantitative Logic?

Following Lawvere,

quantitative logic has quantitative syntactic / semantic validity

≠ logics about quantity, such as fuzzy logics1, in which only the semantics is quantitative.

Advantages:

• can axiomatize soft connectives,

• can makes sense of adequacy in property-driven training

1but also: continuous model theory (Yaacov, Berenstein, etc.), or the logics of the Lawvere quantale (Bacci, Mardare,

Panangaden, Plotkin), etc.

7
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The big picture

Bayesian probability, information theory,

machine learning, statistics, etc.

To give a logical treatmeant of quantitative disciplines

which have only been treated as logical informally, if at all.

In particular: give logical foundations to neuro-symbolic methods by giving

logical meaning to the loss

8
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The multiplicative reals



The multiplicative reals

[0,∞]⊕ ,⊗ with the following algebraic structure on ([0,∞],≤):

polarity additive multiplicative

duality

𝑎∗ := 1/𝑎

positive

negative

distributes over

d
e
M
o
rg
a
n

where

⊗ is multiplication,

⊕ is addition,

⊕∗ is harmonic sum: 𝑎 ⊕∗ 𝑏 = (𝑎∗ ⊕ 𝑏∗)∗,
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The multiplicative 𝑝-reals

[0,∞]⊕𝑝 ,⊗ with the following algebraic structure on ([0,∞],≤):

polarity additive multiplicative

duality

𝑎∗ := 1/𝑎

positive
⊥ := 0

𝑎 ⊕𝑝 𝑏

𝑝→+∞
−−−−−−→ ⊥ := 0

𝑎 ∨ 𝑏

1 := 1

𝑎 ⊗ 𝑏
∞⊗ 0 := 0

negative
⊤ := ∞
𝑎 ⊕−𝑝 𝑏

𝑝→+∞
−−−−−−→ ⊤ := ∞

𝑎 ∧ 𝑏

1 := 1

𝑎 ⊗∗ 𝑏
∞⊗∗ 0 := ∞

distributes over

d
e
M
o
rg
a
n

soft hard
where

⊗ and ⊗∗ are multiplication (conjunctive and disjunctive),

⊕𝑝 is 𝑝-sum: 𝑎 ⊕𝑝 𝑏 = (𝑎𝑝 ⊕ 𝑏𝑝)1/𝑝, 0 < 𝑝 ≤ ∞,

⊕−𝑝 is harmonic 𝑝-sum: 𝑎 ⊕−𝑝 𝑏 = (𝑎∗ ⊕𝑝 𝑏∗)∗,
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QLL



𝑝QLL is a quantitative logic in which

all notions of (proof, sequent) validity are valued in [0,∞]⊕𝑝 ,⊗.

This means

1. the proof calculus is quantitative and

2. the model theory is quantitative.

13
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Sequent Calculus 101

A sequent is just a pair of lists of formulae:

𝐴1 , . . . , 𝐴𝑛︸       ︷︷       ︸
given all of these...

⊢ 𝐵1 , . . . 𝐵𝑚︸     ︷︷     ︸
...one of these holds

Rules combine the premises to get the conclusion

, axioms introduce sequents:

T

𝐴 ⊢ 𝐴 ,

Γ ⊢ 𝐴 𝐴 ⊢ Δ

Γ ⊢ Δ

, · · ·

Proofs are trees: they are valid is they can be written with the given rules

T
𝐴 ⊢ 𝐴 and

T
𝐴 ⊢ 𝐴

𝐴 ∨ 𝐴 ⊢ 𝐴

A sequent is provable if there exists a proof ending with it.
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Quantitative Sequent Calculus 101

Rules must explicitly say how to combine the premises to get the conclusion, axioms

must come with a validity ∈ [0,∞]⊕ ,⊗, e.g.

1
𝐴 ⊢ 𝐴

Γ ⊢ 𝐴 ⊗ 𝐴 ⊢ Δ

Γ ⊢ Δ

Then proofs get a validity obtained by traversing the tree:

[0,∞] ∋
����� .... 𝜋

Γ ⊢ Δ

����� =


𝑟 if 𝜋 =
𝑟

Γ ⊢ Δ

|𝜋1| ∗ |𝜋2| if 𝜋 =

.... 𝜋1

Γ1 ⊢ Δ1 ∗

.... 𝜋2

Γ1 ⊢ Δ1

Γ ⊢ Δ
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Quantitative sequent calculi

The provability of a sequent is thus defined in terms of validities of its proofs:

|Γ ⊢ Δ| =
∨{

|𝜋|
���� .... 𝜋

Γ ⊢ Δ

}
Note that when 𝒱 = Prop, this recovers the classical definition.
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𝑝QLL

By quantitifying linear logic (MALL) we obtain 𝑝QLL:

Structural Rules

1
AX

𝐴 ⊢ 𝐴
Γ ⊢ 𝐴 ⊗ 𝐴 ⊢ Δ

CUT
Γ ⊢ Δ

1
EMP⊢

Γ ⊢ Δ ⊗ Γ′ ⊢ Δ′
MIX

Γ, Γ′ ⊢ Δ,Δ′

0
EFQ

Γ ⊢ Δ

Duality

Γ ⊢ 𝐴,Δ (−)⊥L
Γ, 𝐴⊥ ⊢ Δ

Γ, 𝐴 ⊢ Δ (−)⊥R
Γ ⊢ 𝐴⊥ ,Δ

Multiplicative Connectives

1
1L

1 ⊢

𝐴 ⊢ Δ ⊗ 𝐵 ⊢ Δ′ &
L

𝐴
&

𝐵 ⊢ Δ,Δ′

𝐴, 𝐵 ⊢ Δ ⊗L
𝐴 ⊗ 𝐵 ⊢ Δ

Additive Connectives

∞ ⊥L
Γ,⊥ ⊢ Δ

𝐴 ⊢ Δ ⊕𝑝 𝐵 ⊢ Δ ∧
L𝐴 ∧ 𝐵 ⊢ Δ

𝐴 ⊢ Δ ⊕−𝑝 𝐵 ⊢ Δ ∨
L𝐴 ∨ 𝐵 ⊢ Δ

17



One proof

1
AX

𝐴 ⊢ 𝐴 ⊕−𝑝
1

AX
𝐴 ⊢ 𝐴 ∨

L𝐴 ∨ 𝐴 ⊢ 𝐴

Theorem. Γ ⊢ Δ is provable in MALL if and only if |Γ ⊢ Δ|𝑝QLL > 0.
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Proof-theoretic results

CUT-elimination Theorem (Capucci, Atkey, Grellois, Komendantskaya, and Daggitt 2026)

CUT is eliminable, that is |Γ ⊢ Δ|𝑝QLL = |Γ ⊢ Δ|
𝑝QLL��CUT .

Proof sketch. The usual, paired with arguments that show that each proof rewrite is validity

non-decreasing.

In the proof, we use that ⊗ distributes over ⊕𝑝/⊕−𝑝 , unitality and associativity of ⊗, etc.

Corollary. 𝑝QLL enjoys the subformula property, it is consistent (|⊢ ⊥| = 0), and decidable.

19



Model theory

𝑝QLL is sound and complete for a class of [0,∞]⊗-enriched preorders called softales:

Definition. A softale is a set 𝑆 equipped with an enriched order ⊑ : 𝑆×𝑆 → [0,∞] such that

1 ≤ (𝑎 ⊑ 𝑎), (𝑎 ⊑ 𝑏) ⊗ (𝑏 ⊑ 𝑐) ≤ (𝑎 ⊑ 𝑐)

together with operations •,∨ : 𝑆 × 𝑆 → 𝑆, a duality (−)⊥ : 𝑆op → 𝑆, satisfying certain

algebraic laws...
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Example: logspace

Call logspace the poset ([−∞,+∞],≥) equipped with addition (+) and (harmonic) log-sum-exp:

𝑎 ∪1 𝑏 = − log(𝑒−𝑎 + 𝑒−𝑏).

polarity additive multiplicative

duality

𝑎∗ := −𝑎

positive
⊥ := +∞
𝑎 ∩𝑝 𝑏

⊥ := +∞
𝑎 ∩∞ 𝑏 := min(𝑎, 𝑏)𝑝→∞

1 := 0

𝑎 + 𝑏
−∞ +∞ := +∞

negative
⊤ := −∞
𝑎 ∪𝑝 𝑏

⊤ := −∞
𝑎 ∪∞ 𝑏 := max(𝑎, 𝑏)𝑝→∞

1 := 0

𝑎 +− 𝑏
−∞ +− ∞ := −∞

implication: 𝑎 ⊸ 𝑏 = 𝑎∗ +− 𝑏, thus 𝑏 − 𝑎, enriched order: 𝑎 ⊑ 𝑏 := 𝑒−(𝑎⊸𝑏),

also, excellent gradients:

−2

0

2

−2

0

2

−3

0

3

p = 1

−2 0 2
−2

0

2
p = 1

−2

0

2

−2

0

2

−3

0

3

p = 1

−2 0 2
−2

0

2
p = 1 𝜕(𝑥 ∪1 𝑦)

𝜕𝑥
=

𝑒𝑦

𝑒𝑥 + 𝑒𝑦 ,

𝜕(𝑥 ∩1 𝑦)
𝜕𝑥

=
𝑒𝑥

𝑒𝑥 + 𝑒𝑦
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Application: property-driven verification

Consider 𝑓𝜃 : 𝑋 → R𝑛 as in the beginning.

Definition. The theory of neuro-symbolic specifications for 𝑓𝜃 at (𝑥̂ , 𝑦̂) ∈ 𝒟 and 𝑥 ∈ 𝑋
has set of propositional variables

𝐾 = {⌜ 𝑦̂1⌝, . . . , ⌜ 𝑦̂𝑛⌝︸             ︷︷             ︸
data labels

, ⌜𝑦1⌝, . . . , ⌜𝑦𝑛⌝︸             ︷︷             ︸
model outputs

}

This amounts to the rules of 𝑝QLL2 plus the following axioms

𝑦̂𝑖

⊢ ⌜ 𝑦̂𝑖⌝
𝑒− 𝑓𝜃(𝑥)𝑖

⊢ ⌜𝑦𝑖⌝
𝑦̂∗
𝑖

⊢ ⌜ 𝑦̂𝑖⌝⊥
𝑒 𝑓𝜃(𝑥)𝑖

⊢ ⌜𝑦𝑖⌝⊥
(grounding schema)

We denote such theory by T𝑥,𝑦̂, 𝑓𝜃 .

Example. Strong classification robustness:
∧
𝑖∈𝑛

𝑦̂𝑖 ⊸ (𝑦𝑖 ⊸ 𝛿)

2plus MIX∗, ask me later about it.

22



Application: property-driven verification

Consider 𝑓𝜃 : 𝑋 → R𝑛 as in the beginning.

Definition. The theory of neuro-symbolic specifications for 𝑓𝜃 at (𝑥̂ , 𝑦̂) ∈ 𝒟 and 𝑥 ∈ 𝑋
has set of propositional variables

𝐾 = {⌜ 𝑦̂1⌝, . . . , ⌜ 𝑦̂𝑛⌝︸             ︷︷             ︸
data labels

, ⌜𝑦1⌝, . . . , ⌜𝑦𝑛⌝︸             ︷︷             ︸
model outputs

}

This amounts to the rules of 𝑝QLL2 plus the following axioms

𝑦̂𝑖

⊢ ⌜ 𝑦̂𝑖⌝
𝑒− 𝑓𝜃(𝑥)𝑖

⊢ ⌜𝑦𝑖⌝
𝑦̂∗
𝑖

⊢ ⌜ 𝑦̂𝑖⌝⊥
𝑒 𝑓𝜃(𝑥)𝑖

⊢ ⌜𝑦𝑖⌝⊥
(grounding schema)

We denote such theory by T𝑥,𝑦̂, 𝑓𝜃 .

Example. Strong classification robustness:
∧
𝑖∈𝑛

𝑦̂𝑖 ⊸ (𝑦𝑖 ⊸ 𝛿)

2plus MIX∗, ask me later about it.

22



Application: property-driven verification

Consider 𝑓𝜃 : 𝑋 → R𝑛 as in the beginning.

Definition. The theory of neuro-symbolic specifications for 𝑓𝜃 at (𝑥̂ , 𝑦̂) ∈ 𝒟 and 𝑥 ∈ 𝑋
has set of propositional variables

𝐾 = {⌜ 𝑦̂1⌝, . . . , ⌜ 𝑦̂𝑛⌝︸             ︷︷             ︸
data labels

, ⌜𝑦1⌝, . . . , ⌜𝑦𝑛⌝︸             ︷︷             ︸
model outputs

}

This amounts to the rules of 𝑝QLL2 plus the following axioms

𝑦̂𝑖

⊢ ⌜ 𝑦̂𝑖⌝
𝑒− 𝑓𝜃(𝑥)𝑖

⊢ ⌜𝑦𝑖⌝
𝑦̂∗
𝑖

⊢ ⌜ 𝑦̂𝑖⌝⊥
𝑒 𝑓𝜃(𝑥)𝑖

⊢ ⌜𝑦𝑖⌝⊥
(grounding schema)

We denote such theory by T𝑥,𝑦̂, 𝑓𝜃 .

Example. Strong classification robustness:
∧
𝑖∈𝑛

𝑦̂𝑖 ⊸ (𝑦𝑖 ⊸ 𝛿)

2plus MIX∗, ask me later about it.

22



Application: property-driven verification

Consider 𝑓𝜃 : 𝑋 → R𝑛 as in the beginning.

Definition. The theory of neuro-symbolic specifications for 𝑓𝜃 at (𝑥̂ , 𝑦̂) ∈ 𝒟 and 𝑥 ∈ 𝑋
has set of propositional variables

𝐾 = {⌜ 𝑦̂1⌝, . . . , ⌜ 𝑦̂𝑛⌝︸             ︷︷             ︸
data labels

, ⌜𝑦1⌝, . . . , ⌜𝑦𝑛⌝︸             ︷︷             ︸
model outputs

}

This amounts to the rules of 𝑝QLL2 plus the following axioms

𝑦̂𝑖

⊢ ⌜ 𝑦̂𝑖⌝
𝑒− 𝑓𝜃(𝑥)𝑖

⊢ ⌜𝑦𝑖⌝
𝑦̂∗
𝑖

⊢ ⌜ 𝑦̂𝑖⌝⊥
𝑒 𝑓𝜃(𝑥)𝑖

⊢ ⌜𝑦𝑖⌝⊥
(grounding schema)

We denote such theory by T𝑥,𝑦̂, 𝑓𝜃 .

Example. Strong classification robustness:
∧
𝑖∈𝑛

𝑦̂𝑖 ⊸ (𝑦𝑖 ⊸ 𝛿)

2plus MIX∗, ask me later about it.

22



Application: property-driven verification

Consider 𝑓𝜃 : 𝑋 → R𝑛 as in the beginning.

Definition. The theory of neuro-symbolic specifications for 𝑓𝜃 at (𝑥̂ , 𝑦̂) ∈ 𝒟 and 𝑥 ∈ 𝑋
has set of propositional variables

𝐾 = {⌜ 𝑦̂1⌝, . . . , ⌜ 𝑦̂𝑛⌝︸             ︷︷             ︸
data labels

, ⌜𝑦1⌝, . . . , ⌜𝑦𝑛⌝︸             ︷︷             ︸
model outputs

}

This amounts to the rules of 𝑝QLL2 plus the following axioms

𝑦̂𝑖

⊢ ⌜ 𝑦̂𝑖⌝
𝑒− 𝑓𝜃(𝑥)𝑖

⊢ ⌜𝑦𝑖⌝
𝑦̂∗
𝑖

⊢ ⌜ 𝑦̂𝑖⌝⊥
𝑒 𝑓𝜃(𝑥)𝑖

⊢ ⌜𝑦𝑖⌝⊥
(grounding schema)

We denote such theory by T𝑥,𝑦̂, 𝑓𝜃 .

Example. Strong classification robustness:
∧
𝑖∈𝑛

𝑦̂𝑖 ⊸ (𝑦𝑖 ⊸ 𝛿)

2plus MIX∗, ask me later about it.
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Definition. A model of T𝑥,𝑦̂, 𝑓𝜃 is a valuation of propositional variables in a softale:

J−K : T𝑥,𝑦̂, 𝑓𝜃 → 𝑆

The satisfaction of a formula 𝜑 in the model J−K is thus

J−K |= 𝜑 = 1 ⊑𝑆 J𝜑K ∈ [0,∞]

Observation. There is a canonical model of T𝑥,𝑦̂, 𝑓𝜃 in logspace, defined by

J⌜ 𝑦̂𝑖⌝K = − log 𝑦̂𝑖 , J⌜𝑦𝑖⌝K = 𝑓𝜃(𝑥)𝑖 .
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Soundness, completeness, & adequacy

Theorem. Given 𝑓𝜃 as above, given (𝑥̂ , 𝑦̂) ∈ 𝒟 and for each 𝑎 ≤ 𝑥 ≤ 𝑏,

| ⊢T𝑥,𝑦̂, 𝑓𝜃 𝜑|

= 𝑥̂ , 𝑦̂ , 𝑥, 𝑓𝜃 |= 𝜑 = 𝑒−J𝜑K

adequacy

soundness & completeness

argmin𝜃 E(𝑥̂ ,𝑦̂)∼𝒟
[
ℒpred( 𝑓𝜃(𝑥̂), 𝑦̂) + 𝜆 sup

𝑎≤𝑥≤𝑏
J𝜑K( 𝑓𝜃(𝑥), 𝑦̂)

]
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Effectiveness

from (Flinkow, Komendantskaya, Capucci, and Monahan 2026):
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What’s next

Logic

• First-order already in the workings! See where it all started: (Capucci 2024)

• Expand the logical understanding of the loss:

𝑓𝜃 |= ∀0(𝑥̂ , 𝑦̂) : 𝒟 .
[
ℒpred( 𝑓𝜃(𝑥̂), 𝑦̂) ∧ 𝜆∀∞𝑥 : (𝑎, 𝑏). 𝜑( 𝑓𝜃(𝑥), 𝑦̂)

]
ML

• More thorough evaluation: larger models, larger specs

• What does quantitative verification affords us?
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Thanks!



Application: Bayesian probability

Every atomic probability space 𝑝 : Ω → [0, 1] yields a theory with propositional constants ⌜𝜔⌝ ∈ Ω

and axioms
𝑝(𝑎)

𝑎R⊢ 𝑎
𝑝(𝑎)∗

𝑎L𝑎 ⊢
for all 𝑎 ∈ 𝑉.

Every event 𝐴 ⊆ Ω corresponds to a formula in this theory, which we abbreviate as
∨
𝑎∈𝐴 𝑎, and

denote again by 𝐴.

Then one can compute 𝑝(𝐵 | 𝐴) by computing the odds 𝐴 ⊢ 𝐴 ∩ 𝐵:⊕
𝑏∈𝐴∩𝐵

⊕∗
𝑎∈𝐴 𝑝(𝑎)∗ ⊗ 𝑝(𝑏) ⊕

𝑏

⊕∗
𝑎 (𝑎L ⊗ 𝑏R)⊕

𝑏∈𝐴∩𝐵
⊕∗

𝑎∈𝐴 (𝑎 ⊢ ⊗ ⊢ 𝑏) ⊕
𝑏

⊕∗
𝑎 MIX⊕

𝑏∈𝐴∩𝐵
⊕∗

𝑎∈𝐴 𝑎 ⊢ 𝑏 ⊕
𝑏 ∨L⊕

𝑏∈𝐴∩𝐵 𝐴 ⊢ 𝑏
∨
R𝐴 ⊢ 𝐴 ∩ 𝐵

and we indeed have
⊕

𝑏∈𝐴∩𝐵
⊕∗

𝑎∈𝐴 𝑝(𝑎)∗ ⊗ 𝑝(𝑏) = 𝑝(𝐴 ∩ 𝐵)
𝑝(𝐴) = 𝑝(𝐵 | 𝐴).
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